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Abstract-In recent years, many authors demonstrated the usefulness of fractional calculus op- 
erators in the derivation of (explicit) particular solutions of a number of linear ordinary and partial 
differential equations of the second and higher orders. In particular, by making use of the operators of 
fractional calculus based upon the Cauchy-Goursat integral formula, a certain family of nearly-simple 
harmonic vibration equations was considered systematically in a series of papers which appeared quite 
recently. The main object of the present sequel to all these earlier works is to investigate some re- 
lationships between such families of fractional differential equations and certain classes of ordinary 
differential equations. A preliminary interpretation of this family of nearly-simple harmonic vibration 
equations by means of an example involving linear electric circuits is also provided. @ 2003 Elsevier 
Ltd. All rights reserved. 
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1. INTRODUCTION, DEFINITIONS, AND PRELIMINARIES 
The subject of fractional calculus (that is, calculus of derivatives and integrals of any arbitrary 
real or complex order) has gained importance and popularity during the past three decades or 
so, due mainly to its demonstrated applications in numerous seemingly diverse fields of science 
and engineering (see, for details, [1,2]). R ecently, by applying the following definition of a frac- 
tional differintegral (that is, fractional derivative and fractional integral) of order v E E%, many 
authors have explicitly obtained particular solutions of a number of families of homogeneous (as 
well as nonhomogeneous) linear ordinary and partial fractional differintegral equations (see, for 
details, [3]; see also [4] and the references cited in [3]). 
DEFINITION. (See [5-101.) If ihe function f(z) is analytic (regular) inside and on C, where 
c := {c-,c+}, (1.1) 
C- is a contour along the cut joining the points z and --oo + Q(z), which starts from the point 
at -00, encircles the point .z once counter-clockwise, and returns to the point at -00, C+ is a 
contour along the cut joining the points z and 00 + iIJ(z), which starts from the point at 00, 
encircles the point z once counter-clockwise, and returns to the point at 00, 
f” (2) = (f (z)L/ := r‘iT; l)s, ([ -‘$+1 4 (I/ E R \ z-; z- := (-1, -2, -3,. . .}) (1.2) 
and 
f-n (2) := ,@, {fv (z)) (n E N := {1,2,3,, . .}) , (1.3) 
where C # z, 
--715 arg (C - z) 2 A, for C-, (1.4) 
and 
0 2 arg(C - 2) 2 27r, for C+, (1.5) 
then f”(z) (V > 0) is said to be the fractional derivative off(z) of order v and fv(z)(v < 0) is 
said to be the fractional integral of f(z) of order -V, provided that 
Ifv MI < aJ (v E a). (1.6) 
REMARK 1. Throughout the present work, we shall simply write fv for fv(z) whenever the 
argument of the differintegrated function f is clearly understood by the surrounding context. 
Moreover, in case f is a many-valued function, we shall tacitly consider the principal value of f 
in our investigation. For the sake of convenience in dealing with their various (known or new) 
special cases, we choose also to state each of the fundamental results (Theorem 1 below) for 
homogeneous (as well as nonhomogeneous) linear ordinary fractional differintegral equations of 
a general order p E R. 
We find it to be worthwhile to recall here the following useful lemmas and properties associated 
with the fractional differintegration which is defined above (cf., e.g., [5-lo]). 
LEMMA 1. LINEARITY PROPERTY. If the functions f(z) and g(z) are single-valued and analytic 
in some domain R C @, then 
(ICI f (z) + kzg (z)), = klfv (z) + kZS” (z) (vER;zER), (1.7) 
for any constants ICI and kp. 
Some Relationships i&i; 
LEMMA 2. INDEX LAW. If the function f(z) is single-valued and analytic in some domain R C @. 
then 
LEMMA 3. GENERALIZED LEIBNIZ RULE. If the functions f( ) z and g(z) are single-valrled wnd 
analytic in some domain !A c G, then 
(S(z)-g(z)),=~(~)h-.(z).s,(z) (YERZEQ), ( 
n=O 
1.9) 
where gn(z) is the ordinary derivative of g(z) of order n(n E NO := N U {0}), it being tacitl;r. 
assumed (for simplicity) that g( ) z is the polynomial part (if any) of the product f(z) g(z). 
PROPERTY 1. For a constant A, 
(ey = AveX= (A # 0; v E JR; z E C) (l.lO! 
PROPERTY 2. For a constant A, 
(e-Xz)v = e-inv~ve-xz (A # 0; v E IR; z E C) (1.11) 
PROPERTY 3. For a constant A, 
Some of the most recent contributions on the unified presentation of explicit particular solutions 
of linear ordinary and partial fractional differintegral equations are those given by Tu et al. [s! 
who presented unification and generalization of a significantly large number of widely scattered 
results on this subject. We begin by recalling here one of the main results of Tu et al. [3!, 
involving a family of linear ordinary fractional differintegral equations, as Theorem 1 below. 
THEOREM 1. (See Theorems 1 and 2 in [3, pp. 295-2961.) Let P( z; p) and Q( z; q) be pol~ynomials 
in z of degrees p and q, respectively, defined by 
P (z;p) := 5 akzPek = a0 fi (z - zj) 
k=O j=l 
(a0 # 0; p E R?) (1.131 
and 
Q(z;q) := -&kz4-k 
k=O 
(1.14) 
Suppose also that f-“(# 0) exists for a given function f. 
Then the nonhomogeneous linear ordinary fractional differintegral equation: 
P(z;p)&(z)+ f(X)F,!I;n)+~(~il)Qk-l11:q~] +wk(Z) 
k=l (1.15) 
f” 0 q 4! bO4!J--q-l (z) = f(z) (cl, v E R PI 4 E Y 
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has a particular solution of the form: 
c$(z) = (2 E cc \ {Zl,. . . ) zp}) ) (1.16) 
where, for convenience, 
(1.17) 
provided that the second member of (1.16) exists. 
Furthermore, the homogeneous linear ordinary fractional differintegral equation: 
has solutions of the form: 
r,b (z) = K (e--H(r;p+q)) v-~+l , (1.19) 
where K is an arbitrary constant and H(z;p, q) is given by (1.17), it being provided that the 
second member of (1.19) exists. 
REMARK 2. As already remarked in conclusion by Tu et al. [3, p. 3011, it is fairly straightforward 
to observe that, either or both of the polynomials P(z;p) and Q(z; q), involved in Theorem 1, 
can be of degree 0 as well. Definitions (1.13) and (1.14) do apply to many different families of 
F’uchsian (and non-Fuchsian) differential equations which have been investigated individually. 
Many interesting applications of the fractional calculus defined above by means of the Cauchy- 
Goursat type integral formula (1.2) in a number of areas including (for example) special functions, 
ordinary and partial differential equations, integral equations, and summation of series are found 
to be extensively investigated in the mathematical literature (see, for details, [3-lo]; see also the 
references cited in each of these earlier works). However, the relationship between a fractional 
differential equation and an ordinary differential equation is seldom studied in the literature on 
fractional calculus. 
We begin by recalling the works of Nishimoto et al. (cf. [ll-141) who showed, by applying 
the above-defined fractional calculus, that the general solution of the following nearly-simple 
harmonic vibration equation: 
472+c 0) + w2v 0) = 0 (E E JR \ t-211 (1.20) 
is given by 
cp (t) = 2 Cner(n+)t, (1.21) 
n=O 
where 
r (n, &) := &(2+E) exp ( (2nAyai> , (1.22) 
{Cn}~=o is a sequence of arbitrary constants, m is finite when E is a rational number, m is infinite 
when E is an irrational number, and (as usual) w is a given positive constant. In particular, in 
his most recent work on this subject, Nishimoto [13] reported some further investigations of the 
solution of the nearly-simple harmonic vibration equation (1.20). The main object of this sequel to 
the aforementioned works of Nishimoto et al. (cf. [ll-141) is to find ai interesting (and potentially 
useful) relationship between the nearly-simple harmonic vibration equation (1.20) and a certain 
second-order ordinary differential equation. We also provide a preliminary interpretation of this 
family of nearly-simple harmonic vibration equations by means of an example involving linear 
electric circuits. 
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2. RELATIONSHIP WITH SECOND-ORDER 
ORDINARY DIFFERENTIAL EQUATIONS’ 
It is not difficult to relate the nearly-simple harmonic vibration equation (1.20) with some 
suitably-specialized case of the homogeneous linear ordinary differential equation (1.18) and then 
to deduce for it explicit solutions of the form (1.19) asserted by Theorem 1 above. In order to turn 
our attention toward our main objective, however, we rewrite the already known solution (1.21) 
in the following simplified form: 
p (t) = 2 CnerlLt 
n=O 
(rn := r (n, E)) % (2.1) 
where T(~,E) is given by (1.22). 
Consider a particular solution ermt of (1.20) and assume that 
cp (t) = err"* 
also satisfies the following second-order ordinary differential equation: 
(2.2) 
(2.3) 
where the coefficient K(E) is a function of E and is constant with respect to the independent 
variable t. Upon substituting from (2.2) into (2.3), we readily obtain 
r; + K (E) r, + w2 = 0, (2.4) 
which, when solved for R(E), yields 
r2 +w2 
K(E) = -J?-----. 
rn 
Since erlLt is a particular solution of (1.20), we find from (1.10) and (1.20) that 
7-z+’ + w2 = 0 
or. equivalently, that 
w2 z -rziE. 
Finally, by combining (2.5) and (2.7), we get 
(2.6) 
(2.7) 
K (e) = r, (7-z - 1) , (24 
which implies the obvious fact that 
liio {K (E)} = 0. (2.9) 
We have thus proved the following result (Theorem 2 below), which provides a relationship 
between the nearly-simple harmonic vibration equation (1.20) and the second-order ordinar! 
differential equation (2.3). 
THEOREM 2. For every particular solution 
p(t) = errAt (rn := r (n, E)) 
to the nearly-simple harmonic vibration equation (1.20), there is a second-order ordinary differ- 
ential equation (2.3), with K(E) given precisely by (2.8), which has 
p (t) = errIt (r, := r (n, e)) 
as one of its solutions, r(n,E) being defined by (1.22). 
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3. A GENERAL FRACTIONAL DIFFERENTIAL 
EQUATION WITH CONSTANT COEFFICIENTS 
Consider the following general homogeneous fractional differential equation with constant co- 
efficients ac, al,. , a,: 
aopn(l+E) 0) + alcp(,-l)(l+,) (Q + . . . + an-la+& (9 + ancp = 0 
(‘p = $0 (t) ; n E N; E, t E Et; E # -1; aa # 0). (3.1) 
By assuming a solution of (3.1) in the form: 
p (t) = ext (3.2) 
and making use of (1. lo), we easily obtain the following characteristic equation for (3.1): 
uop(l+E) + q$n-l)(l+E) + . . . + a,-lXl+E + a, = 0 (a0 # 0)  (3.3) 
or, equivalently, 
uoyn + ulyn-l +. . . + Un-lY + a, = 0 (a0 # 0) 7 (3.4) 
where, for convenience, 
y := Xl+E. 
Nowletyr,... , ^ fn denote the n roots of the algebraic equation (3.4), so that the n roots of the 
characteristic equation (3.3) are given by 
Xk = $(l+E) (k=l,...,n). (3.5) 
This demonstration leads us eventually to the following theorem. 
THEOREM 3. If the characteristic equation (3.3) of the homogeneous fractional differential equa- 
tion (3.1) with constant coefficients has n distinct roots Xl,. . . , A,, then the general solution 
of (3.1) has the form: 
n 
cp (t) = C ckeXkt, (3.6) 
k=l 
where xk (k = 1,. . . , n) r’s given by (3.5) and cl,. . . , c, are arbitrary constants. 
The following result provides a relationship, which is analogous to that asserted by Theorem 2, 
between a general homogeneous fractional differential equation and an ordinary differential equa- 
tion of order n. 
THEOREM 4. For every particular solution cp(t) = ext of the following homogeneous fractional 
differential equation: 
aoPn(l+E) (t) + alP(n-l)(l,,) (t) + . . . + aj-lcp(n-j+l)(l+c) (t) 
+aj+lcP(n-j-l)(l+Q (t) + ‘. + an-l’Pl+& (t) + a,p = 0 (3.7) 
(1 5 j 5 n; n E N; cp = p(t); e,t E R; E # -1; aa # 0) , 
there exists an ordinary differential equation of order n of the form: 
d*cp 
ao-& + a1 
d”-lp 
dtn- l 




+%+I &n-j-l -++.. 
dv 
+ U,-ldt + a,cp = 0 
(3.8) 
(1 5 j 5 72; n E IV; cp = p(t); E,t E R; E # -1; aa # 0)) 
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where the coefficient bj(E) is a function of E and is constant with respect to the independent 
variable t, such that 
$3 (t) = 8 
is also a particular solution of (3.8). 
PROOF. By the hypothesis of Theorem 4, we find from (1.10) and (3.7) that 
a0 (X1+&y + a1 pl+y + + (J-l (p+ty+l 
+aj+1 (X1+E)n-j-l +. + a,,-lxl+E + an = 0 
(3.9; 
(a0 # 0) 
On the other hand, if we suppose that 
cp (t) = ext 
is also a solution of (3.8), we get 
U&in + U1X-l + . + ,i-lXn-j+l + bi (E) A”-i 
+aj+lXn+-l + ‘. + U,-lX + a,, = 0 (a0 # 0) 
(3.10) 
Upon subtracting (3.9) from (3.10), we find that 
a0 [A” - (xl+y”] + a1 p-1 - (Al-y] + + u3-1 [x”-3+1 _ (p+E)-+q 13 il 
+bj (E) A”-j + CL~+~ 
[ 
A’+-~ - (p+c)-] + -I- a,-] (A - Al+‘) = 0, 
i’ : 
which, when solved for bj(E), yields 
n-1 
bj (E) = c a,&-” (A+“) - 1) 
k=O 
(k#i) 
(1 5 j 2 n; n E N; E E lR \ (-1)). (3.12) 
Clearly, this last equation (3.12) defines the coefficient bj (E) involved in the ordinary differential 
equation (3.8). 
Equation (3.8) may be called the associated ordinary differential equation of the fractional 
differential equation (3.7). 
Next we consider the following ordinary differential equation of order n E N with constant 
coefficients (see, for details, [15, Chapter 61): 
d”y d”-‘y 
aoz + a’ ,&n-l 
+“‘+u,~l~+u,y=o (n E N; y = y(t) ; t E Iw; w. # 0) (3.13) 
and suppose that the characteristic equation of (3.13) is of the form: 
A (A) := u&In + ulXn--l + ‘. + a,-1X + a, = 0 (aa # 0). (3.14) 
CASE 1. Suppose that 
A (A) = a0 I) (A - Xj) (a0 # 0) 1 (3.15) 
j=l 
where X1,. , A, are the n distinct roots of the characteristic equation (3.14). Then the generill 
solution of (3.13) is given (as usual) by 
y(t) = CleX1t + + CneX~,t3 
where Cl, , C, are arbitrary constants. 
(3.16) 
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CASE 2. Suppose that 
A(X)=aofi(X-Xj)mj (mj E M (j = 1,. . ,p) ; p 5 n; ml + . . + mP = n; a0 # 0) , (3.17) 
j=l 
where Xj is a root of the characteristic equation (3.14) of order (or multiplicity) rnj (j = 1, ,p). 
Then the general solution of (3.13) is given by 
y(t) =g (gCk,jtkpl) exjty (3.18) 
where Ck,j are arbitrary constants for 
k=l,...,mj and j= l,...,p. 
REMARK 3. Since, in general, the commutative property of a fractional differintegral of a product 
of two functions does not seem to hold true when u $ No in the Generalized Leibniz Rule 
(Lemma 3 above), finding or showing the existence of the general solution of the fractional 
differential equation (3.1), in a form analogous to (3.18), is still an open problem for the case in 
which the characteristic equation (3.3) or (3.4) has multiple (or repeated) roots. 
4. A PRELIMINARY INTERPRETATION OF THE 
NEARLY-SIMPLE HARMONIC VIBRATION 
EQUATION (1.20) IN LINEAR ELECTRIC CIRCUIT THEORY 
By Theorem 2, for every particular solution 
p(t) = ernt (r, := T (n, E)) 
of the nearly-simple harmonic vibration equation (1.20), there exists a second-order ordinary 
differential equation (2.3), with K(E) given precisely by (2.8), such that 
v(t) = ernt (T, := r (n, E)) 
is also a solution of (2.3), T(~,E) being defined by (1.22). C onversely, by solving equation (2.8) 
for 
E = E(?-n,W) (rn := ?- (n, El), 
we observe that, if 
cp w = cp* (t) 
is a solution of (2.3), then 
cp (t) = cp* (t) 
is also a solution of the nearly-simple harmonic vibration equation (1.20). 
Thus, we have established the following result. 
THEOREM 5. For every particular solution cp*(t) of the ordinary differential equation (2.3), there 
is a fractional differential equation (1.20) such that cp*(t) is also a solution Gf (1.20). 
Based upon the assertions made by Theorems 2 and 5, we now attempt to give a preliminary 
interpretation of the relationship between a fractional differential equation and its associated 
ordinary differential equation. Our preliminary interpretation may provide a physical meaning 
for a fractional differential equation (see also the recent works (16-191 and the references cited 
especially in [19]). 
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We first consider a linear electric LC-circuit modelled by the following second-order homoge- 
neous linear differential equation with constant coefficient: 
d21 (3.1) 
where 1(t) denotes the current in the circuit at time t, and L and C are the inductance and 
capacitance, respectively. 
Obviously, the LC-circuit equation (4.1) is a simple harmonic equation. In case, however, a 





I = I(t) ; w:=& 
> 
(4.2) 
Thus, by appealing to Theorem 5, we find that, for every particular solution I*(t) of (4.2). there 
exists a fractional differential equation: 
12+E (t) + w21 (t) = 0 (4.31 
such that I*(t) is also a solution of (4.3). Consequently, the fractional differential equation (4.3) 
can be used to describe the behavior of a nonideal linear electric LC-circuit in which there exists 
resistance in the connecting wires. 
5. CONCLUDING REMARKS AND OBSERVATIONS 
We have studied the nearly-simple harmonic vibration equation (1.20) and extended our in- 
vestigation to a general family of fractional differential equations with constant coefficients. An 
interesting (and potentially useful) relationship between a fractional differential equation and 
an associated ordinary differential equation is given. The problem of finding a general solution 
to the proposed new fractional differential equation with constant coefficients is considered and 
solved partially. The problem of solving this problem completely is still open. Finally, we attempt 
to give a preliminary interpretation of the nearly-simple harmonic vibration equation (1.20) by 
means of an example involving linear electric circuits. A natural question: Can 2ue give a physicul 
meaning of the fractional differential equation in some practical systems? seems to be interesting 
and worthy of further investigation (see also the recent works [16-191, which are concerned with 
questions of this nature). 
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